
CEOI’2012 Day1, Task: circuit

The model solution of the task circuit is an O(n · log n) running time algorithm, where n is the number of nodes
of the circuit.
The circuit is a closed polygon given by the sequence of the nodes P , and the location of each node is given by
x- and y-coordinates. The segments of the polygon are

−−−−−−−−−→
P [i], P [i+ 1], i < n and

−−−−−−→
P [n], P [1]. The task asks to

compute all nodes of the polygon that are visible from the origin.
The basic operation used by the algorithm is Turn(a, b, c). Turn returns 0 if the points P [a], P [b] and P [c] are
collinear, otherwise it returns 1 if line segment

−−−−−−→
P [b], P [c] turns left at point P [b], and returns -1 if turns right.

Let us denote the origin by 0 and use Turn0(a, b) for Turn(0, a, b).
Let first is the node for which any other node u Turn0(first, u) > 0 or Turn0(first, u) = 0 and P [first].x <
P [u].x. Similarly, let last is the node for which any other node u Turn0(last, u) < 0 or Turn0(last, u) = 0 and
P [last].x < P [u].x.
It is clear that only the lower part of the polygon which comes from the node first to the node last is relevant
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Figure 1:

because the nodes on the upper part are not visible. In the rest of the discussion we consider only the nodes
of the lower part. The numbering of the nodes from first to last is either increasing or decreasing, we use the
function next(i) to refer to the node following the node i. Similarly prev(i) refers to the previous node.
It is easy to prove that if for any none a Turn0(a, next(a)) ≥ 0 then node a can not be visible. See figure 2.
Moreover if node a is visible then Turn0(Prev(a), a) > 0.
Therefore we can consider only those segments for which Turn0(a, next(a)) > 0.
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For each node consider the set Q(i):

Q(i) = {j : Turn0(i, j) ≤ 0 and Turn0(i, next(j)) ≥ 0}
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We define the relation "below" on the set Q(i) as follows:

u below v ⇔ Turn0(u, v) ≥ 0 and Turn(u,next(u),v) ≤ 0 or Turn0(u, v) < 0 and Turn(v,next(v),u) > 0

In other words u below v if and only if the intersection of the line l(0, i) and segment
−−−−−−−→
u, next(u) is closer to the

origin then the intersection of the line l(0, i) and segment
−−−−−−→
v, next(v).

One can see that the relation "below" is a linear ordering relation on the set Q(i). Using this property of the
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relation we can state or main proposition. (Remember that i ∈ Q(i).)

Proposition
Assume that either Turn0(a, next(a)) > 0 or Turn0(prev(a), a) > 0 holds for node a. Then node a is visible
form the origin if and only if a is the least element of Q(a) according to the relation "below".
The proof is straightforward.
The algorithm constructs the set Q(a) for all nodes a for which Turn0(a, next(a)) > 0 holds and observe whether
a is the least element in Q(a). The sets Q(a) will be constructed incrementally in the following way. Sort the
nodes (that are between first and last) according to polar angle. Let a be the next node that follows node a0
according to the polar angle ordering. Then Q(a) is obtained from Q(a0) as follows.
First, if prev(a) ∈ Q(a0) then delete prev(a) from Q(a0).
Prior to deletion test if prev(a) is the first element in Q(a0) and if so then add a to the solution set.

Q(a) = Q(a0)− {prev(a)}

Then if Turn0(a, next(a)) > 0 add a to Q(a0)

Q(a) = Q(a0) ∪ {a}

If a is the first element in Q(a) after the insertion then add a to the solution set.
The required operations can be implemented efficiently by binary heap that supports deletion. Implementation
of deletion is obtained by using a map to the heap, if HT is the array of the heap we use the array Map such
that HT [Map[i]] = i and Map[HT [j]] = j. By this implementation the running time of addition and deletion
is O(log k) in worst case if the set contains k elements. Observing the least element in Q(a) is constant time
operation. Using quicksort for the polar angle sorting we obtain an O(n · log n) running time algorithm.

Implementation
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1 #inc lude <s t d l i b . h>
2 #inc lude <s td i o . h>
3 #de f i n e maxN 200001
4 us ing namespace std ;
5 typedef s t r u c t Point {
6 long x , y ;
7 bool act ;
8 }Point ;
9
10 typedef s t r u c t MPQ{
11 i n t e_num; //number o f e lements in the p r i o r i t y queue
12 i n t HT[maxN ] ; // the binary heap t r e e
13 i n t Map[maxN ] ; // the map in to the heap : HT[Map[ i ]]== i , Map[HT[ j ]]== j
14 }MPQ;
15
16 MPQ Q;
17 Point P[maxN ] ; // the input polygon
18 i n t Ps [maxN ] ; // sor ted po in t s
19 bool So l [maxN ] ; // s o l u t i o n nodes
20 i n t n , d ;
21 // p r i o r i t y queue opera t i on s :
22 void Push ( i n t id ) ;
23 i n t Top ( ) ;
24 void Delete ( i n t id ) ;
25 void pushdown ( i n t k ) ;
26 void l i f t ( i n t k ) ;
27
28 i n t next ( i n t i ){
29 i+=d ;
30 i f ( i>n) return 1 ;
31 i f ( i==0) return n ;
32 return i ;
33 }
34 i n t prev ( i n t i ){
35 i+=(−d ) ;
36 i f ( i>n) return 1 ;
37 i f ( i==0) return n ;
38 return i ;
39 }
40 i n t Turn ( i n t P0 , i n t P1 , i n t P2){
41 long long cros sp=( long long ) (P[ P1 ] . x−P[P0 ] . x )∗ (P[ P2 ] . y−P[P0 ] . y )
42 −( long long ) (P[ P2 ] . x−P[P0 ] . x )∗ (P[ P1 ] . y−P[P0 ] . y ) ;
43 i f ( crossp <0)
44 return −1;
45 e l s e i f ( crossp >0)
46 return 1 ;
47 e l s e
48 return 0 ;
49 }
50 i n t Turn0 ( i n t P1 , i n t P2){
51 long long cros sp=( long long ) (P[ P1 ] . x )∗ (P[ P2 ] . y )
52 −( long long ) (P[ P2 ] . x )∗ (P[ P1 ] . y ) ;
53 i f ( crossp <0)
54 return −1;
55 e l s e i f ( crossp >0)
56 return 1 ;
57 e l s e
58 return 0 ;
59 }
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60 bool below ( i n t i , i n t j ){
61 // segment ( i , next ( i ) ) i s below segment ( j , next ( j ) )
62 i f (Turn0 ( i , j )>=0)
63 return Turn ( i , next ( i ) , j )<=0;
64 e l s e
65 return Turn ( j , next ( j ) , i )>0;
66 }
67 // implementation o f the p r i o r i t y queue opera t i on s by binary heap
68 //Q i s gobal f o r the opera t i on s
69 void Push ( i n t id ) {
70 Q.HT[++Q.e_num] = id ;
71 Q.Map[ id ] = Q.e_num;
72 i f (Q. e_num>1) l i f t (Q.e_num) ;
73 }
74 i n t Top ( ) {
75 i f (Q.e_num == 0) return 0 ;
76 return Q.HT[ 1 ] ;
77 }
78 void Delete ( i n t id ){
79 i n t k = Q.Map[ id ] ;
80 Q.HT[ k]=Q.HT[Q.e_num ] ;
81 Q.e_num−−;
82 i f (Q. e_num>1) pushdown (k ) ;
83 }
84 void pushdown ( i n t k ){
85 i n t parent = k ;
86 i n t sun ;
87 i n t id = Q.HT[ k ] ;
88 whi le ( ( sun = parent << 1) <= Q.e_num ){
89 i f ( sun < Q.e_num && below (Q.HT[ sun + 1 ] , Q.HT[ sun ] ) )
90 ++sun ;
91 i f ( below (Q.HT[ sun ] , id ) ){
92 Q.HT[ parent ] = Q.HT[ sun ] ;
93 Q.Map[Q.HT[ parent ] ] = parent ;
94 parent = sun ;
95 } e l s e break ;
96 }
97 Q.HT[ parent ] = id ;
98 Q.Map[ id ] = parent ;
99 }
100 void l i f t ( i n t k ){
101 i n t id = Q.HT[ k ] ;
102 i n t sun = k ;
103 i n t parent ;
104 whi le ( sun > 1) {
105 parent = sun >> 1 ;
106 i f ( below ( id , Q.HT[ parent ] ) ){
107 Q.HT[ sun ] = Q.HT[ parent ] ;
108 Q.Map[Q.HT[ parent ] ] = sun ;
109 sun = parent ;
110 }
111 e l s e
112 break ;
113 }
114 Q.HT[ sun ] = id ;
115 Q.Map[ id ] = sun ;
116 }
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117 // order r e l a t i o n f o r s o r t i n g accord ing to po la r ang le
118 i n t ord_rel ( const void ∗ a , const void ∗ b) {
119 i n t i =∗( i n t ∗) a ; i n t j =∗( i n t ∗) b ;
120 i n t t i j=Turn0 ( i , j ) ;
121 i f ( t i j >0 | | t i j==0 && P[ i ] . x<P[ j ] . x )
122 return −1;
123 e l s e
124 return 1 ;
125 }
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126 i n t main ( ){
127 long x , y ;
128 i n t f i r s t =1, l a s t =1,aa , fab ,m=1;
129 s can f ( "%d",&n ) ;
130 s can f ( "%ld ␣%ld " ,&x,&y ) ;
131 P [ 1 ] . x=x ; P [ 1 ] . y=y ;P [ 1 ] . act=f a l s e ;
132 Sol [1 ]= f a l s e ;
133 f o r ( i n t i =2; i<=n ; i++) {
134 s can f ( "%ld ␣%ld " ,&x,&y ) ;
135 P[ i ] . x=x ; P[ i ] . y=y ; P[ i ] . act=f a l s e ;
136 Sol [ i ]= f a l s e ;
137 fab=Turn0 ( f i r s t , i ) ;
138 i f ( fab<0 | | fab==0 && P[ i ] . x<P[ f i r s t ] . x ) f i r s t=i ;
139 fab=Turn0 ( l a s t , i ) ;
140 i f ( fab>0 | | fab==0 && P[ i ] . x<P[ l a s t ] . x ) l a s t=i ;
141 }
142 i n t a=f i r s t +1; i f ( a>n) a=1;
143 i n t b=f i r s t −1; i f (b==0) b=n ;
144 i f (Turn ( f i r s t , a , b)<0) d=1; e l s e d=−1;
145 i f ( next ( f i r s t )==l a s t ){
146 p r i n t f ( "2\n" ) ;
147 i f ( a<f i r s t )
148 p r i n t f ( "%d␣%d\n" , a , f i r s t ) ;
149 e l s e
150 p r i n t f ( "%d␣%d\n" , f i r s t , a ) ;
151 e x i t ( 0 ) ;
152 }
153 i n t nn=0; a=f i r s t ;
154 do{
155 Ps [ nn++]=a ; a=next ( a ) ;
156 }whi le ( a!=next ( l a s t ) ) ;
157 qsor t ( ( char ∗)Ps , nn , s i z e o f ( i n t ) , ord_rel ) ;
158 Sol [ f i r s t ]= true ;
159 P[ f i r s t ] . act=true ;
160 Q.e_num=0; Push ( f i r s t ) ;
161 f o r ( i n t i =1; i<nn ; i++){
162 a=Ps [ i ] ;
163 aa=prev ( a ) ;
164 i f (P [ aa ] . act ){
165 i f ( aa==Top ( ) && Turn0 ( a , Ps [ i −1]) !=0){
166 Sol [ a ]= true ; m++;
167 }
168 Delete ( aa ) ;
169 P[ aa ] . act=f a l s e ;
170 }
171 aa=next ( a ) ;
172 i f (Turn0 ( a , aa )>0){
173 P[ a ] . act=true ;
174 Push ( a ) ;
175 i f (Top()==a && Turn0 ( a , Ps [ i −1])!=0 && ! Sol [ a ] )
176 { Sol [ a ]= true ; m++;}
177 }
178 }
179 i f ( ! So l [ l a s t ] ) { So l [ l a s t ]= true ; m++;}
180 p r i n t f ( "%d\n" ,m) ;
181 f o r ( i n t i =1; i<=n ; i++) i f ( So l [ i ] ) p r i n t f ( "%d␣" , i ) ;
182 p r i n t f ( "\n" ) ;
183 return 0 ;
184 }
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We present here a liniar time solution without proof.

1 program c i r c u i t ;
2
3 type i n t=l ong i n t ;
4 const MAXN=1000000;
5 var
6 x , y , z : array [ 0 . .MAXN] o f i n t ;
7 n , d ,w: i n t ;
8
9 procedure inp ;
10 var
11 i : i n t ;
12 begin
13 x [ 0 ] := 0 ; y [ 0 ] : = 0 ;
14 read ln (n ) ;
15 f o r i :=1 to n do read ln (x [ i ] , y [ i ] ) ;
16 end{ inp } ;
17
18 f unc t i on Turn ( a , b , c : i n t ) : i n t ; // turn d i r e c t i o n
19 var
20 r : in t64 ;
21 begin
22 r :=(x [ b]−x [ a ] ) ∗ ( y [ c ]−y [ a ]) −( y [ b]−y [ a ] ) ∗ ( x [ c ]−x [ a ] ) ;
23 i f r>0 then Turn:=1 e l s e i f r=0 then Turn :=0 e l s e Turn:=−1;
24 end{Turn } ;
25
26 f unc t i on szm(a , b , e , f : i n t ) : boolean ; // segments i n t e r s e c t
27 begin
28 i f (Turn ( a , b , e)<>Turn ( a , b , f ) ) and (Turn ( e , f , a)<>Turn ( e , f , b ) ) then
29 szm:= true e l s e szm:= f a l s e ;
30 end{szm } ;
31
32 procedure i n i t ;
33 var
34 i , s , t , f : i n t ;
35 begin
36 t :=1; // f i nd minimum angle
37 f o r i :=2 to n do begin
38 f :=Turn (0 , t , i ) ;
39 i f ( f=−1) or ( ( f =0) and (x [ i ]<x [ t ] ) ) then t := i ;
40 end ;
41 w:=1; z [w] := t ; // i n i t i a l i z e s tack
42
43 s :=t −1; inc ( t ) ; // f i nd d i r e c t i o n
44 i f s=0 then s :=n ;
45 i f t=n+1 then t :=1;
46 d:=Turn ( t , z [w] , s ) ;
47 end{ i n i t } ;
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48 procedure proc ;
49 var
50 i , u , s , t : i n t ;
51 hid , h1 , h2 : i n t ;
52 begin {proc }
53 s :=z [ 1 ] ; t :=z [1 ]+d ; hid :=0;
54 i f t=0 then t :=n e l s e i f t=n+1 then t :=1;
55 i n c (w) ; z [w] := t ;
56 f o r i :=2 to n−1 do begin
57 u:= s ; s := t ; t := s+d ;
58 i f t=0 then t :=n e l s e i f t=n+1 then t :=1;
59 i f hid=1 then begin // s hidden behind a s t a l a c t i t e
60 i f Turn (0 , z [w] , t )<0 then begin
61 hid :=0; dec (w) ;
62 whi le (Turn (0 , z [w] , t )<=0) and (Turn ( s , t , z [w]) >0) do
63 dec (w) ;
64 i f Turn ( s , t , z [w])<0 then begin
65 hid :=3; h1:= t ; h2 :=0;
66 end e l s e begin
67 i n c (w) ; z [w] := t ;
68 end ;
69 end ;
70 end e l s e i f hid=0 then begin // s not hidden ( here s=z [w] )
71 i f Turn (0 , z [w] , t )>0 then begin
72 i f (Turn (0 , u , s )<0) and (Turn (u , s , t )>0) then hid :=1
73 e l s e begin
74 i n c (w) ; z [w] := t ;
75 end ;
76 end e l s e begin
77 i f (Turn (0 , u , s )>0) and (Turn (u , s , t )<0) then
78 hid :=2
79 e l s e begin
80 dec (w) ;
81 whi le (Turn (0 , z [w] , t )<=0) and (Turn ( s , t , z [w]) >0) do
82 dec (w) ;
83 i f Turn ( s , t , z [w])<0 then begin
84 hid :=3; h1:= t ; h2 :=0;
85 end e l s e begin
86 i n c (w) ; z [w] := t ;
87 end ;
88 end ;
89 end ;
90 end e l s e i f hid=2 then begin // s hidden in the background
91 i f Turn (0 , z [w] , t )>0 then begin
92 hid :=0;
93 i n c (w) ; z [w] := t ;
94 end ;
95 end e l s e begin // s hidden behind a s t a l agmi t e
96 i f szm( z [w] , h1 , s , t ) then h2 :=1;
97 i f Turn ( z [w] , h1 , t )<0 then h2 :=0;
98 i f ( h1=s ) and (Turn (u , s , t )>0) then h2 :=0;
99 i f (Turn (0 , z [w] , t )>0) and ( h2=1) then begin
100 hid :=0;
101 i n c (w) ; z [w] := t ;
102 end ;
103 end ;
104 end ;
105 end{proc } ;
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106 procedure outp ;
107 var
108 i : i n t ;
109 begin
110 f o r i :=1 to n do x [ i ] :=0 ;
111 f o r i :=1 to w do x [ z [ i ] ] : = 1 ;
112 wr i t e l n (w) ;
113 f o r i :=1 to n do i f x [ i ]=1 then wr i te ( i , ’ ␣ ’ ) ;
114 wr i t e l n ;
115 end{outp } ;
116
117 begin {program}
118 inp ;
119 i n i t ;
120 proc ;
121 outp ;
122 end .
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